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Abstract

When using certain mathematical models for simulating aerial pollution, it becomes
interesting to be able to solve some specific system of linear equations as fast as
possible. This report describes an attempt made, to optimize the performance of a
solver using sparse QR factorization, and back-substitution.

The optimization problem is complex, and it quickly turns out that attempting an
exhaustive search thru the solution space is absurd. A branch-and-bound algorithm
is developed, and using different search strategies and heuristics, solutions of varying
quality are found.

I will present the methods I used for finding “good” solutions, as well as some of the
approaches that failed. This is by no means a thorough mathematical treatment of
the problem. It is a document describing a number of approaches taken, and their
usefulness in actual applications.

Jakob Ostergaard, October 1998, Lyngby
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Chapter 1

Introduction

As explained briefly in the abstract, we are faced with the problem of solving a
system of linear equations. This itself is usually not a hard problem. Solving it
efficiently however, proves to be a much greater challenge.

1.1 The origin of the system

The system we are facing, is used in the process of solving a set of partial differential
equations, describing how pollutants react with each other in the atmosphere.

It should be of no surprise to the reader, that chemical reactions between a number
of species can be written in differential form. Let’s look at a little example of this.
Consider a system consisting of four species, each with concentrations ¢, ¢z, ¢3 and
cs- 1 and 2 react with each other, producing 3, while 4 decays producing 1. The
concentration of species 1, ¢; is thus given as:

¢l = —ci1e2 + acy (].1)

where « indicates how fast ¢4 is decaying. This of course, is a very simple model of
a reaction.

When modelling aerial pollution, we work with a fairly large number of species.
This number N depends on the model in use, but is often between 36 and 56, but
can go as high as more than 100 species for the most complex models.

Working with many species, invites us to write this reaction scheme on a more
compact form. For every species in our model, we are given the equation:

¢ = Z,Bijkcjck + EOLZ’]‘C]'. (1.2)
J.k J

In real applications however, the coefficients a and 8 are often zero, since most
chemicals only react (notably) with a small subset of the others.

The implicit Euler method is used for solving the resulting system of differential
equations. The system of equations is written short as ¢ = f(t,¢). The Euler
method lets us take small steps h in time, thereby finding the concentrations of the
species at any given time. A step in time, from some given initial condition ¢y is
given by

c=co+hf(t,c). (1.3)
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Or, put in another way, we find the concentrations after a time-step by finding a
root in the equation

g(c) =co —c— hf(t,c). (1.4)
Simple Newton iteration yields

¢l = ¢i — (%(ci)) - g(c). (1.5)

The Jacobi matrix J for f is given by df/dc. Thus,

09 _ of _ _
5, = L+ho-=—T+hd. (1.6)

Finding the concentrations of the species seems to be the “simple” matter of iterat-
ing thru equation 1.5. That is in a sense true, except from the fact, that iterating
thru that equation involves inverting —I+ hJ. This is the reason we actually bother
to discuss the efficient solution of a linear system of equations in the first place. It
should also be clear to the reader, why it is so important that the solution of that
system of equations run efficiently.

The reaction schemes doesn’t change often. They are usually developed and imple-
mented, and then used for years, for research and forecasts etc. Therefore, if we can
only solve the model in an efficient way, it is perfectly reasonable to spend much
time optimizing the solver, since an improvement there will benefit the users of the
model for years.

1.2 Properties from a numerical point of view

The system of linear equations
Az =D

can be solved in numerous ways. However, in our specific application, we can exploit
the following properties:

e A is sparse

e Although the elements of A change, the sparsity pattern of A is invariant.

We suggest, that QR factorization followed by simple back-substitution may be used
in solving the above system, even though QR factorization is usually considered
more expensive than Householder and other factorizations. The QR factorization
however, is insensitive to changes in the elements in A. This means, that if we
find one good row/column ordering, and one good sequence of Givens Rotations to
complete the QR factorization, that single ordering can be used for all occurring
values of A. If we used a non-orthogonal factorization, we would have to create a
new factorization for every new value of A.

The idea in this project is to use one good ordering of rows and columns, and one
good sequence of Givens rotations, for all values of A (as long as A maintains the
same structure). All in all, they together should minimize the computational cost
of the factorization and the following back-substitution, by minimizing the number
of Givens rotations needed, and minimizing the number of fill-ins produced during
the factorization.
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The Sparse QR Factorization

The QR Factorization will factorize our A matrix into a Q and an R matrix, such
that QR = A. The Q matrix is orthogonal, and the R matrix is upper triangular.

One can get an impression of the interesting properties of orthogonal factorizations
by considering the following trivial — but nonetheless interesting property:

QRz=b and Rz=Q%b

Once we know Q, solving the original system is a simple matter of back-substitution,
since R is upper-triangular.

2.1 The Factorization

A Givens rotation can zero out one element in a row, using some other row. The
rotation can be seen as:

T
Aclia) - (5 0) Al 21)

where ¢ = cos(f) and s = sin(6), for some 6, which clearly guarantees orthogonality.

Contrary to eg. the simple Gauss elimination, we will not only introduce non-zeros
(called fill-ins) in the row holding the element we are eliminating, but also in the
eliminating row. The orthogonality of the transform should hopefully make up for
this, by not requiring us to pivot rows in order to guarantee numerical stability.

(1P}

An example where “x” is used to represent some arbitrary non-zero, and “0” is used
to represent the zero elements, could be:

z xz x 0 ¢c s 0 0 zc xz x 0
z xz 0 0 -s ¢ 00| _ | 0=z f O
0 0 z = 001 0| |00 z =
0 z = =z 0 0 0 1 0 z z =z

The “f” denotes a “fill-in”. In order to completely factorize the system, we will
ofcourse have to apply more Givens Rotations. But the above example should
demonstrate how one Givens Rotation affects the system.

Whenever a fill-in is introduced below the diagonal, it will require one extra Givens
rotation in order to eliminate it. A fill-in above the diagonal, will require more work
in the final back-substitution.
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2.2 The Back Substitution

When our system is all factorized, we perform the back-substitution. This is trivial,
but included for the sake of completeness. Back-substitution of one row in a dense
system can be written as

(i) « (z(i) —R(i,i+1:n)b(i+1:n))/R(i,1) (2.2)

where z(n) < b(n)/R(n,n) is the special case for the last element in z, eg. the one
we solve for first. Obviously, equation 2.2 requires 2(n — i) + 2 FLOPS, for every
element in x. This is back-substitution on a dense system. If b or R turns out to
be sparse, we will save some work.

2.3 Computational costs

Obviously we are not very keen of the thought of using trigonometric functions
throughout the factorization. Fortunately, there exists an efficient formula for cal-
culating the rotation coefficients ¢ and s from above. The following is taken from
[MC]. If we want to eliminate element b using element a, assuming both are non-
zero, the coefficients are given by:

[b| > |a| : 7=—-a/b; s=1/V/1+712;, c=sT (2.3)
[b| <la| : 7=-bla; c¢=1/\/14+7% s=cr. (2.4)

This formula costs us 5 FLOPS plus a square-root. (For the pedantic, it should be
mentioned, that the case |a| = |b| will probably never occur, and which one of the
two formulas above are used in this case does not matter).

The actual rotation of two rows, given by repeating equation 2.1, will cost us 6p+2q
FLOPS, if p is the number of elements in the rows rotated where both rows have
non-zeros, and ¢ is the number of elements where only one row has a non-zero.

Finally, the back-substitution of one row costs us approximately 2p + 2 FLOPS,
where p is the number of non-zeros in the row currently being worked on.

Depending on the hardware on which we run the actual factorization, the square
root used in equations 2.3 and 2.4, can cost anything from one FLOP to “many”
FLOPS. We take the liberty to account one FLOP for every square-root used, but
this is easily changed in the actual optimizer.
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The Optimization

In short, we wish to find a row- and column ordering, and a sequence of Givens
Rotations, that together will produce a QR factorization of our system of equations
with a minimal computational cost.

Now, there are (2n)! combinations of row- and column orderings, if our system has
n equations with n unknowns. And if we have k non-zeros in the system, we will
need O(k) Givens Transforms, giving us O(k!) combinations there. All in all, we
have O((2n)!k!) possible combinations. For the 56 x 56 system with roughly 12%
non-zeros, this amounts to a number of combinations in the order of 1083,

Clearly, exhaustive search thru the solution space is not an option. We will have to
apply some strategy, in the hope that we can somewhat limit out search to some
small number of small sub-spaces of the solution space.

3.1 Defining the problem

In order to be able to apply any of the widely used search strategies we will be
considering for use in the project, we will need to define some way of performing
an “incremental search” on our problem. A search where we can take steps, and
decide which way to go after every step. This is necessary in order to limit the size
of the subspace we seek thru.

Now, what is our solution space ? It could be seen as many things. We could search
in one space first, then in another, eg. ordering the rows first, then the columns
and finally the rotation sequence. Or perhaps we should decide upon the rotation
sequence first 7

Some time was spend in the very beginning of this project, experimenting with
different strategies, and ways of searching. I came to several conclusions doing this:

1. Attempting to find the optimal rotation sequence on a system is hard

2. Until we have a complete ordering of the rows and columns, we can say little
or nothing about an optimal rotation sequence

With this in mind, I decided upon the strategy that is used in the final optimizer.

The strategy is: First, decide which row should be the upper-most row, and which
column should be the left-most column. Calculate or estimate the cost of this
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partial solution. Then, decide on the second-upper-most row, and the second-left-
most column, calculate or estimate again, and so on. For each of these partial
orderings, we find a suitable sequence of Givens Rotations in order to be able to
estimate a lower bound on the cost of the current solution. More on this later.

As one notices, we do not at all consider the rotation sequence in this ordering
strategy. In fact, the actual rotation sequence is found from a very simple algorithm,
which has some roots in theory and some roots simply in experience gathered:

o We always use diagonal-elements for eliminating non-zeros below the diagonal.
e We eliminate non-zeros column-wise, from the left to the right.

e If there is more than one row with a non-zero in the current column, we choose
the row with the smallest weighted sparsity distance to our row holding the
diagonal-element.

3.1.1 Sparsity distance

The word “sparsity distance” was mentioned above. This is a metric for which
I could find no existing name. If one exists I may be confusing things, if not, I
invented a metric.

Consider two rows in a sparse matrix. If the two rows are identical, eg. they have
zeros and non-zeros at the same column positions, the sparsity distance is 0. If their
patterns differ by one non-zero somewhere, the distance is 1, and so on.

The weighted sparsity distance, is a variant of the simple metric from above. The
weighted metric gives different weights to pattern differences at different locations.
A pattern difference which is located below the diagonal in the system matrix is
given a higher weight than a difference located above the diagonal. This is usable
in relation to QR factorization, because introducing non-zeros below the diagonal
is more expensive than introducing them above the diagonal (below the diagonal
will require Givens rotation, above the diagonal requires only back-substitution).

Both distance measures can be shown to be true metrics, eg. they obey the following:

d(a,b) >0
d(a,b) + d(b,c) < d(a,c)
d(a,b) = d(b,a)

This was a very loose description of the metrics. They are however not important
for the understanding of the optimizer, and they are only used in a small isolated
part of the program. I felt however, that they deserved to be mentioned.

3.2 The choice of a search strategy

Many strategies are available, when one wants to search a solution space for some
feasible solution. The only one we have out ruled so far, is exhaustive search.

Several strategies where considered:

¢ Simulated annealing

e Branch and Bound
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e Tabu search

A description of these and other strategies can be found in [JC].

Both simulated annealing and tabu search rely somewhat on the fact that once a
variable has been altered, we can be fairly sure, that next time we alter that variable,
it will influence the result in nearly the same way. This is not at all the fact for
our problem. The generation of fill-ins completely spoil that property. Placing one
row/column in some position will have completely different impacts on our result,
depending on the position of all other rows/columuns.

From the simple analysis above, I decided to focus my efforts on branch and bound
search. Early in the project, tabu search was implemented to some extent. But it
was rather unsuccessful, even compared to the likewise very early implementation
of branch and bound I had running. Therefore, I sticked with branch and bound,
and decided to only work with the other two, if they suddenly became interesting
due to some change of (my understanding of) the properties of the problem. That
never occurred.

3.3 Branch and Bound

In the field of Discrete Optimization, Branch and Bound is a popular way of limiting
the solution space to include only potentially relevant subspaces.

In short, the B&B algorithm begins in the root of the search tree. A number of
branches is generated, and depending on the variant of the search (depth first,
breadth first, best first, or hybrids), some branch is elected for exploration.

If we’re able to predict what the smallest possible value we can ever get from our
target function will be (the cost of factorizing the system given some row/column
ordering), from descending some given branch, we are able to discard all branches
we encounter which does not yield any possibility for an improvement (eg. a lower
value of the target function). This is why the algorithm — quite intuitively — is
called branch and bound.

3.3.1 Branching and Bounding

Branch and Bound algorithms produce some number of possible new branches, from
some starting point. On these branches, a cost function (called f(s)) representing
the current cost of the solution, plus some penalty for not having finished the task
yet is defined. Furthermore, we define a lower-bound (called ¢(s)) on the cost, which
is used for bounding our search.

When we have some number of possible new branches to search thru, we can ignore
all branches having a g(s) < f(best), and their entire sub-trees.

If the g(s) function is close to the true cost of completing the search along some
branch, we will be able to cut away most of the unnecessary branches. If the function
is not very close, however, we will still have to search thru some very large domain.

Often the quality of g(s) and the time it takes to compute is a compromise, and
one will have to experiment to find a viable routine. However, if the quality of g(s)
is low, nothing else in the search algorithm will be able to compensate for this.
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3.3.2 Defining the branch

What exactly is it we are branching ? In order to apply B&B search, we need to
perform some sort of incremental solution of our optimization problem.

The approach I chose, is to fix some row and some column at the left-most upper-
most position. Since many rows and columns may yield a valid sub-solution (eg.
place a non-zero in the diagonal), we are often able to generate multiple branches.

For every branch we are again able to fix some other row and some other column
in the second-left-most and second-upper-most positions. Again we probably have
more than one choice, and therefore a number of sub-branches. At all times, the
active branches are kept in the list of “live nodes”.

The process of fixing a column and a row can be visualized as below:

(3.1)

This example only changes the row-ordering, but column orderings could just as
well have changed simultaneously.

When we reach the point where we have fixed all columns and all rows, we have
reached a final solution. The cost of this solution (found simply by factorizing it
and recording the number of FLOPS required), will determine whether it will be
the new best-solution, or simply discarded.

3.3.3 Routine overview

The B&B routine is fairly modular. It consists of four main parts:

e The main B&B strategy routine
e The Branch generator
e A branch sorting routine

e The heuristic calculation routine

The blocks interact as sketched in figure 3.1. Of course this presentation of the
B&B algorithm is overly simple. Many other routines are involved, some of the
major ones are memory handling and target function (f(-)) calculation.

The responsibilities of the four major blocks are:

B&B str t This routine traverses the list of live nodes, calling the branch
generator for every live node it encounters. Occasionally it will call the sort
algorithm. When this routine runs out of live nodes, the search is complete,
and the current best solution is returned as the overall best solution.

Br r t r The branch generator generates branches for some given live
node. If one of the branches turns out to be a final solution, and that solution
is better than the currently best, the best solution is updated, and the sort
algorithm invoked. The branches which seem promising (based upon the
heuristic) are inserted in a pseudo-sorted manner into the list of live nodes.
If a branch has a lower estimated cost than the first live node, it s inserted
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